Harmonic and holomorphic 1-forms on compact balanced Hermitian manifolds  by Ganchev, Georgi & Ivanov, Stefan
Differential Geometry and its Applications 14 (2001) 79–93 79
North-Holland
www.elsevier.com/locate/difgeo
Harmonic and holomorphic 1-forms on
compact balanced Hermitian manifolds
Georgi Ganchev1
Bulgarian Academy of Sciences, Institute of Mathematics and Informatics, Acad. G. Bonchev Str., bl. 8,
1113 Sofia, Bulgaria
Stefan Ivanov2
University of Sofia, Faculty of Mathematics and Informatics, bul. James Bouchier 5, 1164 Sofia, Bulgaria
Communicated by O. Kowalski
Received 1 November 1999
Revised 29 November 1999
Abstract: On compact balanced Hermitian manifolds we obtain obstructions to the existence of harmonic
1-forms, ∂-harmonic (1, 0)-forms and holomorphic (1, 0)-forms in terms of the Ricci tensors with respect to
the Riemannian curvature and the Hermitian curvature. Necessary and sufficient conditions the (1, 0)-part
of a harmonic 1-form to be holomorphic and vice versa, a real 1-form with a holomorphic (1, 0)-part to
be harmonic are found. The vanishing of the first Dolbeault cohomology groups of the twistor space of a
compact irreducible hyper-Ka¨hler manifold is shown.
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1. Introduction
The well-known vanishing theorem of Bochner says that if the Ricci tensor of a compact
Riemannian manifold is nonnegative, then every harmonic 1-form is parallel; moreover, if the
Ricci tensor is nonnegative and positive at least at one point, then there are no nonzero harmonic
1-forms and the first Betti number b1 is zero.
It is also well known that on a compact Ka¨hler manifold the (1, 0)-part of a harmonic 1-form
is holomorphic, i.e., it is ∂-closed; conversely, every holomorphic (1, 0)-form is ∂-closed or
equivalently, the corresponding real 1-form is harmonic [29]. Certainly, the Bochner theorem is
true for compact Ka¨hler manifolds and could be expressed also in terms of holomorphic forms.
However, the (1, 0)-part of a harmonic 1-form may not be holomorphic on a compact Hermit-
ian manifold. Nevertheless, there exists a Bochner type theorem for holomorphic (1, 0)-forms
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on a compact Hermitian manifold. This theorem is formulated in terms of the Chern connec-
tion and its mean curvature. In fact, on a compact Hermitian manifold with nonnegative mean
curvature every holomorphic (1, 0)-form is parallel with respect to the Chern connection; if in
addition the mean curvature is positive at least at one point, then there are no nonzero holo-
morphic (1, 0)-forms [21, 15, 28, 20] and the Hodge number h1,0 is zero. We note that this is a
part of the general result for the nonexistence of holomorphic sections of a holomorphic vector
bundle over a compact Hermitian manifold [21, 15] (see also [28, 20]).
In the present paper we consider questions of existence of harmonic 1-forms, holomorphic
(1, 0)-forms and find relations between them on compact balanced Hermitian manifolds.
Balanced Hermitian manifolds are Hermitian manifolds with a co-closed fundamental form
or equivalently with a zero Lee form. They have been studied intensively in [22, 3, 2, 4]; in
[15] they are called semi-Ka¨hler of special type. This class of manifolds includes the class of
Ka¨hler manifolds but also many important classes of non-Ka¨hler manifolds, such as: complex
solvmanifolds, twistor spaces of oriented Riemannian 4-manifolds, 1-dimensional families of
Ka¨hler manifolds (see [22]), some compact Hermitian manifolds with a flat Chern connection
(see [16]), twistor spaces of oriented distinguished Weyl structure on compact self-dual 4-
manifolds [14], twistor spaces of quaternionic Ka¨hler manifolds [25, 5], manifolds obtained
as modification of compact Ka¨hler manifolds [3] and of compact balanced manifolds [2] (see
also [4]).
On a Hermitian manifold (M, g, J ) there are two Ricci tensors ρ and ρ∗ associated with the
Levi-Civita connection ∇ of the metric g and three Ricci tensors k, k∗ and s associated with
the canonical Chern connection D generated by the metric g and the complex structure J . We
note that the (1, 1)-form corresponding to the tensor k represents the first Chern class of M and
some obstructions to the existence of holomorphic (p, 0)-forms are expressed in terms of the
tensor k∗. Namely, if k∗ is non-negative on M , then every holomorphic (p, 0)-form is parallel
with respect to the Chern connection and if k∗ is positive at least at one point, then there are
no holomorphic (p, 0)-forms on M [21, 15]. On a balanced Hermitian manifold s = k and
the essential Ricci tensors are ρ, ρ∗, k and k∗. All these Ricci tensors coincide on a Ka¨hler
manifold.
Let (M, g, J ) be a Hermitian manifold. If X is an arbitrary C∞ vector field on M , we
denote by ωX its corresponding 1-form with respect to the metric g and use the decomposition
ωX = ω1,0X +ω0,1X with respect to the complex structure J . We find obstructions to the existence
of harmonic and holomorphic 1-forms in terms of the Ricci tensors of the Levi-Civita and Chern
connection. The aim of the paper is to prove the following
Theorem 1.1. Let (M, g, J ) be a compact balanced Hermitian manifold.
i) If the ∗-Ricci tensor ρ∗ is nonnegative on M , then
a) every holomorphic (1, 0)-form ω1,0X is ∂-harmonic (i.e., ωX is harmonic);
b) every ∂-harmonic (1, 0)-form ω1,0X satisfies the conditions
ρ
∗
(X, X ) = 0 , ∇′′ωX = 0 ,
where ∇′′ωX is the (2, 0)-part of ∇ωX .
ii) If the tensor ρ∗ is nonnegative on M and positive at least at one point in M , then there are
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neither holomorphic (1, 0)-forms nor ∂-harmonic (1, 0)-forms other than zero. Consequently,
the Hodge numbers h1,0(M) = h0,1(M) are zero and the first Betti number b1(M) is zero.
iii) If the tensor cρ + (1 − c) ρ∗ is nonnegative on M for some constant c > 0, then any
harmonic 1-form ωX is ∇-parallel and satisfies the conditions
ρ(X, X ) = ρ∗(X, X ) = 0.
iv) If the tensor cρ + (1 − c) ρ∗ is nonnegative on M and positive at least at one point in
M , then there are no harmonic 1-forms other than zero and b1 = 0.
We express obstructions to the existence of holomorphic (1, 0)-forms in terms of the Ricci
tensors associated with the Chern connection in the following
Theorem 1.2. Let (M, g, J ) be a compact balanced Hermitian manifold.
i) If the tensor k+ k∗ is nonnegative on M , then any holomorphic (1, 0)-form ω1,0X satisfies
the conditions
k(X, X )+ k∗(X, X ) = 0 , Sym(D′′ωX ) = 0.
ii) If the tensor k + k∗ is nonnegative on M and positive at least at one point in M , then
there are no holomorphic 1-forms other than zero and h1,0 = 0.
Note that the non-negativity of k + k∗ does not imply non-negativity of k∗ or of k.
On Ka¨hler manifolds the conditions of Theorem 1.1 and Theorem 1.2 coincide with the
classical Bochner conditions.
On a compact balanced Hermitian manifold we find a necessary and sufficient condition
for a ∂-harmonic (1, 0)-form to be ∂-harmonic (holomorphic) in terms of the Ricci tensors of
the Levi-Civita and the Chern connections and show that it is also a necessary and sufficient
condition for a ∂-harmonic (1, 0)-form to be ∂-harmonic. By using the tensor H = 2ρ∗−k−k∗
we prove
Theorem 1.3. On a compact balanced Hermitian manifold the following conditions are equiv-
alent: (i) The (1, 0)-part of a harmonic 1-form ωX is holomorphic; (ii) A real 1-form ωX with
a holomorphic (1, 0)-part is harmonic; (iii) ∫M H(X, X) dv = 0.
We note that the tensor H vanishes identically on a Ka¨hler manifold and measures the
deviation of a balanced Hermitian manifold from a Ka¨hler one (see Section 3 below).
In Example 1 we apply Theorem 1.1 to the complex twistor space (Z, J ) of a compact
hyper-Ka¨hler manifold whose holonomy group is exactly Sp(n) and show the vanishing of the
cohomology group H 1(Z,OZ) (see Theorem 5.1 in the last section).
2. Preliminaries
Let (M, g, J ) be a 2n-dimensional Hermitian manifold with metric g and complex struc-
ture J . The algebra of all C∞ vector fields on M will be denoted by XM . The Ka¨hler formÄ of
the Hermitian structure (g, J ) is defined byÄ(X, Y ) = g(J X, Y ); X, Y ∈ XM . The associated
Lee form θ is given by θ = −δÄ ◦ J .
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We denote by ∇ and R = [∇,∇]− ∇[,] the Levi-Civita connection of the metric g and the
Riemannian curvature tensor, respectively. The corresponding curvature tensor of type (0, 4)
is given by the equality R(X, Y, Z , V ) = g(R(X, Y )Z , V ), X, Y, Z , V ∈ XM .
Further ρ and ρ∗ will stand for the Ricci tensor and ∗-Ricci tensor, respectively. We have
ρ(X, Y ) =
2n∑
j=1
R(e j , X, Y, e j ) ,
ρ
∗
(X, Y ) =
2n∑
j=1
R(e j , X, JY, Je j ) , X , Y ∈ XM.
Henceforth {e1, . . . , e2n} will denote an orthonormal frame.
We denote by D, T and K the canonical Chern (Hermitian) connection of the Hermitian
structure, its torsion tensor and its curvature tensor (Hermitian curvature tensor), respectively.
We recall that the Chern connection D is the unique linear connection preserving the metric g
and the complex structure J , so that the torsion tensor T of D has the property
T ( J X, Y ) = T (X, JY ) , X , Y ∈ XM.
This implies (e.g., [1])
T ( J X, Y ) = J T (X, Y ) , X , Y ∈ XM. (1)
The corresponding torsion tensor of type (0, 3) is defined by the equality
T (X, Y, Z ) = g(T(X, Y ), Z ) , X , Y , Z ∈ XM.
The curvature tensor K of D has the following properties:
K ( J X, JY )Z = K (X, Y ) Z ,
K (X, Y )J Z = J K (X, Y ) Z , X , Y , Z ∈ XM. (2)
The Ricci identity for the Chern connection is expressed in the following form:
DX DY Z − DY DX Z = K (X, Y ) Z − DT (X,Y )Z ,
X , Y , Z ∈ XM. (3)
The two connections ∇ and D are related by the following identity
g(∇X Y, Z ) = g(DX Y, Z )+ 12 dÄ( J X, Y, Z ) ,
X , Y , Z ∈ XM.
(4)
This equality implies that
T (X, Y, Z ) = − 12 dÄ( J X, Y, Z )− 12 dÄ(X, JY, Z ) ,
X , Y , Z ∈ XM.
(5)
There are three Ricci-type tensors k, k∗ and s associated with the curvature tensor K defined
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by
k(X, Y ) = − 12
2n∑
j=1
g
(
K(X, JY )e j , Je j
) ;
k∗(X, Y ) = − 12
2n∑
j=1
g
(
K(e j , Je j ) X, JY
) ;
s(X, Y ) =
2n∑
j=1
g(K(e j , X )Y, e j ) , X , Y ∈ XM.
The corresponding scalar curvatures are defined by τ = tr ρ, τ ∗ = tr ρ∗, u = tr k = tr k∗,
v = tr s.
The (1, 1)-form κ corresponding to the tensor k represents the first Chern class of M (further
we shall call it the Chern form) and the (1, 1)-form κ∗ corresponding to the tensor k∗ is called
sometimes “the mean curvature” of the holomorphic tangent bundle T 1,0 M with the hermitian
metric induced by g [20]. As we have already mentioned in the introduction vanishing theorems
for holomorphic (p, 0)-forms p = 1, 2, . . . , n are expressed in terms of the non-negativity of k∗
[21, 15, 28, 20].
For an arbitrary vector field X in XM we denote by ωX its dual 1-form defined by
ωX (Y ) = g(X, Y ) , Y ∈ XM.
From (4) it follows that
δωX = −
2n∑
i=1
(DeiωX ) ei − θ(X ). (6)
3. Balanced Hermitian manifolds
We recall the definition of a balanced Hermitian manifold and some equivalent conditions
given in [15, 22] for completeness:
Definition. A Hermitian manifold (M, g, J ) is said to be balanced if it satisfies one of the
following equivalent conditions:
i) δÄ = 0 (θ = 0);
ii) dÄn−1 = 0;
iii)1∂ f = 1∂¯ f = 121d f for every smooth function f on M , where1∂,1∂¯ and1d denote
the Laplacians with respect to the operators ∂, ∂¯ and d, respectively.
We shall use local holomorphic coordinates {zα}, α = 1, . . . , n and the corresponding frame
field {
∂
∂zα
,
∂
∂zα¯
= ∂
∂zα
}
, α = 1, . . . , n ; α¯ = 1¯, . . . , n¯
for some calculations. The first Bianchi identity for the Hermitian curvature K with respect to
local holomorphic coordinates gives
Kαβ¯γ λ¯ − Kγ β¯αλ¯ = −Dβ¯Tαγ λ¯. (7)
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By the condition δÄ = 0 from (7) it follows that [7]
s(X, Y ) = s(Y, X ) = k(X, Y ) , X , Y ∈ XM. (8)
It is immediate from (6) that on a balanced Hermitian manifold we have
δω = −
2n∑
i=1
(Deiω) ei . (9)
Now let a be a tensor of type (0, 2) and denote by at the tensor of type (0, 2) defined by
at(X, Y ) = a(Y, X), X, Y ∈ XM. The symmetric part and the skew-symmetric part of the
tensor a are given by
Sym(a) = 12 (a + at ) , Skew(a) = 12 (a − at ) ,
respectively. The induced by the metric g scalar product in the vector space of (0, 2)-tensors
will be denoted by the same letter. For two tensors a, b of type (0, 2) we have
g(a, b) =
2n∑
i, j=1
a(ei , e j ) b(ei , e j ) ; g(at , b) = g(a, bt ) =
2n∑
i, j=1
a(ei , e j ) b(e j , ei ).
For a fixed vector field X we obtain the following (0, 2)-tensors iX T and jX T from the torsion
tensor T :
iX T (Y, Z ) = T (X, Y, Z ) ; jX T (Y, Z ) = T (Y, Z , X ) ,
Y , Z ∈ XM. (10)
The equalities (1) and (10) imply that the tensor iX T is J -invariant while the tensor jX T is
J -antiinvariant, i.e.,
(iX T )( J X, JY ) = (iX T )(Y, Z ) , ( jX T )( JY, J Z ) = −( jX T )(Y, Z ).
The next statement, proved in [13], gives relations between the tensors ρ and ρ∗.
Proposition 3.1. ([13]) Let (M, g, J ) be a balanced Hermitian manifold. Then the Ricci
tensors of the Riemannian and Hermitian curvature satisfy the following identities
ρ
∗
(X, Y ) = ρ∗( J X, JY ) = ρ∗(Y, X ), (11)
ρ(X, Y )− ρ( J X, JY ) = −g(iX T, (iY T )t ), (12)
k(X, Y )− ρ∗(X, Y ) = 14 g( jX T, jY T ), (13)
k(X, Y )+ k∗(X, Y )− 12 (ρ(X, Y )+ ρ( J X, JY ))− ρ∗(X, Y )
= 12 g(iX T, iY T ),
(14)
k(X, X )+ k∗(X, X )− ρ(X, X )− ρ∗(X, X ) = ‖Sym(iX T )‖2 , (15)
where X, Y ∈ XM , and ‖ · ‖2 is the usual tensor norm.
We have
Corollary 3.2. Let (M, g, J ) be a balanced Hermitian manifold. Then i) τ = τ ∗; ii) (M, g, J )
is Ka¨hler if and only if τ = u.
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Proof. Taking traces in (13) and (14) we find
u − τ ∗ = 14 ‖T ‖2 , 2u − τ − τ ∗ = 12 ‖T ‖2.
Hence τ = τ ∗ and u − τ = 14 ‖T ‖2. The last two equalities imply i) and ii). ¤
Let η be a 1-form. Further we denote by d ′η, D′η and ∇′η the (1,1)-part (with respect to the
complex structure J ) of the exterior derivative dη, the covariant derivative Dη with respect to
the Chern connection and the covariant derivative∇ηwith respect to the Levi-Civita connection
of η, respectively. For the ((2, 0)+ (0, 2))-parts of dη, Dη and∇η we use the denotations d ′′η,
D′′η and ∇′′η, respectively. For example,
d ′η(X, Y ) = 12
(
dη(X, Y )+ dη( J X, JY )) ;
d ′′η(X, Y ) = 12
(
dη(X, Y )− dη( J X, JY )).
The next integral formulas are essential for the proof of our main results.
Proposition 3.3. Let (M, g, J ) be a compact balanced Hermitian manifold. Then for any
vector field X ∈ XM we have∫
M
2 ‖Skew(D′′ωX )‖2 dv
=
∫
M
{‖D′′ωX‖2 + k(X, X )− 12 (δωX )2 − 12 (δωJ X )2} dv ; (16)∫
M
2 ‖Skew(D′′ωX )‖2 dv
=
∫
M
{‖D′ωX‖2 + k(X, X )− k∗(X, X )− 12 (δωX )2 − 12 (δωJ X )2} dv. (17)
Proof. Let ωX = ωαdzα + ωα¯dzα¯ . We consider the following real 1-form
ϕ = Dαωβ Xαdzβ + Dα¯ωβ¯ X α¯dzβ¯
and compute its co-differential δϕ. Here and further the summation convention is assumed.
Using (9) and taking into account the Ricci identity (3) for the Chern connection, (1), (2)
and (8), we obtain
− δϕ = g(D′′ωX , (D′′ωX )t )+ k(X, X )− 12 XδωX − 12 J XδωJ X .
Integrating this equality over M we find∫
M
{
g(D′′ωX , (D
′′
ωX )
t
)+ k(X, X )− 12 (δωX )2 − 12 (δωJ X )2
}
dv = 0. (18)
On the other hand we have
2 ‖Skew(D′′ωX )‖2 = −g
(
D′′ωX , (D
′′
ωX )
t )+ ‖D′′ωX‖2.
Then the last equality and (18) imply (16).
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By similar calculations for the real 1-form
(Dαωβ αωβ¯ X
β¯ + Dα¯ωβ Xβ ) dzα¯
we find ∫
M
{‖D′′ωX‖2 − ‖D′ωX‖2 + k∗(X, X )} dv = 0. (19)
Now (16) and (19) imply (17). ¤
Proposition 3.4. Let (M, g, J ) be a compact balanced Hermitian manifold. Then for any
vector field X ∈ XM we have∫
M
2 ‖Skew(D′ωX )‖2 dv
=
∫
M
{‖D′ωX‖2 − 12 (δωX )2 + 12 (δωJ X )2 + g( jX T, (D′ωX )t )} dv ; (20)∫
M
g(iX T, D
′
ω) dv =
∫
M
{
k(X, X )− k∗(X, X )+ g( jX T, D′′ωX )
}
dv. (21)
Proof. Let ωX = ωαdzα + ωα¯dzα¯. We consider the real 1-form
Dα¯ωβ X
α¯dzβ + Dαωβ¯ Xαdzβ¯
and compute its co-differential. Integrating over M the obtained equality we find that∫
M
{
g(D′ωX , (D
′
ωX )
t
)− 12 (δωX )2 + 12 (δωJ X )2 + g( jX T, (D′ωX )t )
}
dv = 0. (22)
On the other hand
2‖. D′ωX , (D′ωX )t ).
By virtue of the last equality and (22) we obtain (20).
To prove (21) we consider the real 1-form
Tαβγ¯ X
β X γ¯ dzα + Tα¯β¯γ X β¯ Xγ dzα¯
and compute its co-differential. Taking into account (7) after an integration over M we get (21).
¤
4. Proof of the theorems
Let X be a real vector field in XM and ωX = ωα dzα + ωα¯ dzα¯ = ω(1,0)X + ω(0,1)X be its dual
1-form.
The (1, 0)-form ω1,0X = ωα dzα is ∂-harmonic if and only if
dωαβ = Dαωβ − Dβωα + T σαβωσ = 0 , δωX = δωJ X = 0. (23)
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The real 1-form ωX is harmonic if and only if
dωαβ = Dαωβ − Dβωα + T σαβωσ = 0 , dωαβ¯ = Dαωβ¯ − Dβ¯ωα = 0 , (24)
δωX = 0. (25)
The second equality of (24) implies that δωJ X = 0.
The (1, 0)-form ω1,0X = ωαdzα is holomorphic if and only if
Dα¯ωβ = 0. (26)
It is immediate from this equality that δωX = δωJ X = 0.
4.1. Proof of Theorem 1.1
i) Let ω1,0X = ωαdzα be a holomorphic (1, 0)-form. Taking into account the condition (26)
from (19) it follows that∫
M
{‖D′′ωX‖2 + k∗(X, X )} dv = 0. (27)
Since
∇′′ωX = D′′ωX + 12 jX T , (28)
then
‖∇′′ωX‖2 = ‖D′′ωX‖2 + g(D′′ωX , jX T )+ 14 ‖ jX T ‖2. (29)
Under the condition (26) the equality (21) implies∫
M
{
g( jX T, D′′ωX )+ k(X, X )− k∗(X, X )
}
dv = 0. (30)
By virtue of (29), (27), (30) and (13) it follows that∫
M
{‖∇′′ωX‖2 + ρ∗(X, X )} dv = 0. (31)
This formula proves a).
In order to prove b) we shall show that (31) is also true for any ∂-harmonic (1, 0)-form.
Indeed, let ω1,0X = ωα dzα be ∂-harmonic. Then (23) implies
Skew(D′′ωX ) = − 12 jX T. (32)
Using this equality and (13) we find
‖Skew(D′′ωX )‖2 = 14 ‖jX T‖2 = k(X, X )− ρ∗(X, X ).
The last equality, (23) and (16) imply∫
M
‖D′′ωX‖2 dv =
∫
M
(
k(X, X )− 2ρ∗(X, X )) dv. (33)
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Since the tensor jX T is skew-symmetric, then (32) leads to
g(D′′ωX , jX T ) = g(Skew(D′′ωX ), jX T ) = − 12 ‖ jX T ‖2.
We obtain from (29) that
‖∇′′ωX‖2 = ‖D′′ωX‖2 − 14 ‖ jX T ‖2 = ‖D′′ωX‖2 − k(X, X )+ ρ∗(X, X ).
Integrating the last equality and taking into account (33), we obtain (31) which proves b).
The statement ii) follows from (31), Dolbeault theory and the well-known inequality (see,
e.g., [17, Section 3.5])
b1(M ) 6 h
1,0
(M )+ h0,1(M ). (34)
To prove iii) and iv) let ωX = ωα dzα + ωα¯ dzα¯ be a harmonic 1-form. From (24) and (13) we
have
g(iX T, D
′′
ωX ) = − 12 ‖iX T ‖2 = 2ρ∗(X, X )− 2k(X, X ).
Combining this equality with (21) we get∫
M
g( jX T, D′ω) dv =
∫
M
{
2ρ∗(X, X )− k(X, X )− k∗(X, X )} dv. (35)
The last equality, (25) and (20) imply∫
M
{‖D′ωX‖2 + 2ρ∗(X, X )− k(X, X )− k∗(X, X )} dv = 0. (36)
On the other hand we have
∇′ωX = D′ωX + Sym(iX T )
and
‖∇′ωX‖2 = ‖D′ωX‖2 + 2g(D′ωX , Sym(iX T ))+ ‖Sym(iX T )‖2.
Integrating the last equality and taking into account (35), (36) and (15) we find∫
M
{‖∇′ωX‖2 + ρ(X, X )− ρ∗(X, X )} dv = 0. (37)
Let c be a positive constant. Combining (37) with (31) we obtain∫
M
{
c‖∇′ωX‖2 + ‖∇′′ωX‖2 + cρ(X, X )+ (1− c)ρ∗(X, X )
}
dv = 0. (38)
This formula implies immediately iii). The statement iv) also follows from (38) by using the
Hodge theory. ¤
4.2. Proof of Theorem 1.2
Let ω1,0X be a holomorphic (1, 0)-form. The identity
‖Sym(D′′ωX )‖2 + ‖Skew(D′′ωX )‖2 = ‖D′′ωX‖2
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and the equality (16) give∫
M
{
2‖Sym(D′′ωX )‖2 − ‖D′′ωX‖2 + k(X, X )
}
dv = 0.
Combining the last formula with (27) we obtain∫
M
{
2‖Sym(D′′ωX )‖2 + k(X, X )+ k∗(X, X )
}
dv = 0. (39)
Now the statements i) and ii) follow from formula (39). ¤
4.3. Proof of Theorem 1.3
We define the tensor H of type (0, 2) by the equality
H(X, Y ) = 2ρ∗(X, Y )− k(X, Y )− k∗(X, Y ) ; X , Y ∈ XM.
Let ωX = ωα dzα + ωα¯ dzα¯ be a harmonic 1-form. By virtue of (35) we have∫
M
(‖D′ωX‖2 + H(X, X )) dv = 0. (40)
Now the equivalence i)⇔ iii) follows immediately from (40).
To prove the equivalence ii)⇔ iii) let ω1,0X be a holomorphic (1, 0)-form. Since
d ′′ωX = 2 Skew(D′′ωX )+ jX T ,
then
‖d ′′ωX‖2 = 4‖Skew(D′′ωX )‖2 + 4g( jX T, D′′ωX )+ ‖jX T‖2. (41)
Taking into account (16) and (19) we find∫
M
{
2‖Skew(D′′ωX )‖2 + k∗(X, X )− k(X, X )
}
dv = 0. (42)
By virtue of the equalities (21), (41), (42) and (15) we obtain∫
M
{ 1
2 ‖d ′′ωX‖2 + H(X, X )
}
dv = 0.
The last equality implies the equivalence ii)⇔ iii) which completes the proof of Theorem 1.3.
¤
We obtain as a corollary from the proof of Theorem 1.2 and formulas in Proposition 3.1 the
following
Proposition 4.1. Let (M, g, J ) be a compact balanced Hermitian manifold. i) If the tensor
ρ + ρ∗ is nonnegative on M , then any holomorphic (1, 0)-form ω1,0X satisfies the conditions
ρ(X, X )+ ρ∗(X, X ) = k(X, X )+ k∗(X, X ) = iX T = 0
and the vector field X is Killing.
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ii) If ρ + ρ∗ is nonnegative on M and positive at least at one point in M , then there are no
holomorphic 1-forms other than zero and the Hodge number h1,0 = 0.
Proof. We recall that a real vector field X is said to be Killing if L X g = 0, where L X denotes
the Lie derivative with respect to X . In terms of the Chern connection the Killing condition is
expressed by the equalities
Sym(D′′ωX ) = 0 , (43)
Sym(D′ωX ) = −Sym(iX T ). (44)
Let ω1,0X be a holomorphic (1, 0)-form. By virtue of (15) we can apply Theorem 1.2, which
implies Sym(D′′ωX) = 0 and k(X, X) + k∗(X, X) = 0. Taking into account (15) we find
ρ(X, X)+ ρ∗(X, X) = 0, iX T = 0. From (43) and (44) it follows that X is Killing.
The second statement follows immediately from (15) and Theorem 1.2. ¤
5. Examples
Example 1. Let (M4n, g) be a compact 4n-dimensional hyper-Ka¨hler manifold, i.e., there are
three anticommuting complex structures which are parallel with respect to the Levi-Civita
connection of g; for n = 1 (M4, g) means a self-dual Ricci flat manifold. It is well known that
every hyper-Ka¨hler manifold can be considered as a Ricci-flat quaternionic Ka¨hler manifold.
The twistor space of M4n is a 2-sphere bundle Z over M4n whose fibre at any point p ∈ M4n
consists of all complex structures on the tangent space TpM4n at p which are compatible with
the given hyper-Ka¨hler structure. There are two natural distributions on Z, namely, the vertical
2-dimensional distribution V consisiting of all vector fields tangent to the fibre and a horizontal
4n-dimensional distribution H induced by the Levi-Civita connection. The (4n+2)-dimensional
twistor space Z admits a complex structure J [6, 26]. There exists a natural 1-parameter family
of hermitian metrics hc, c > 0 on (Z, J ) such that the projection pi : Z→M4n is a Riemannian
submersion with totally geodesic fibres [12]. The twistor space (Z, J, hc), c > 0 is a compact
balanced Hermitian manifold [23, 5]. The curvature of (Z, hc) for n = 1 has been calculated
by many authors [9, 10, 11, 12, 19, 27]. The ∗-Ricci tensor ρ∗c of (Z, hc, J ) for n > 2 is given
in [5] by formulas (3.12). The latter formulas are also valid when M4 is an oriented self-dual
Ricci-flat Riemannian manifold. Substituting s = 0 into (3.12) from [5], we obtain
ρ
∗
c (X
v
, Xv ) > 0 , ρ∗c (Y
h
, Y h ) = ρ∗c (Y h, Xv ) = 0 , Xv ∈ V , Y h ∈ H. (45)
The formula (45) shows that the tensor ρ∗c is non-negative on Z. An application of Theorem 1.1
leads to
Theorem 5.1. Let (Z, J ) be the twistor space of a compact hyper-Ka¨hler manifold M endowed
with the natural complex structure J . Then we have
h0,1(Z) = dim H 1(Z, OZ ) = b1(M). (46)
In particular, if the hyper Ka¨hler manifold M is irreducible then H 1(Z,OZ) = 0
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Proof. Let ω1,0X be a ∂-harmonic (1, 0)-form on (Z, J, hc). The condition ρ∗c (X, X) = 0 of
Theorem 1.1 together with (45) implies that the vector field X has to be horizontal, i.e., X = Xh .
Using the general formula g((∇J X J ) Z ,U ) = g(T (Z ,U ), Y ), which is a simple consequence
of (4) and (5), we derive from (2.9) in [5] that jXh T = 0, Xh ∈ H . Then the condition
∇′′ωX = 0 of Theorem 1.1 together with the formula (28) implies D′′ωX = 0 which means that
X is a (real) holomorphic vector field on (Z, J ). Hence, it generates a non-zero Killing vector
field on (M, g) (see, e.g., [18, 26, 24]). The dimension of the space of Killing vector fields on
(M, g) is equal to b1(M) since (M, g) is Ricci flat. Applying Dolbeault theory, we obtain
h0,1(Z) 6 b1(M). (47)
It is well known that h1,0(Z) = 0 and b1(M) = b1(Z). The assertion follows from (34), (47)
and the last two equalities. If (M, g) is irreducible then it is simply connected [8]. Hence,
b1(M) = 0 and (46) implies H 1(Z,OZ) = 0. ¤
The next example is an illustration of Theorem 1.3.
Example 2. Consider the complex Heisenberg group
G =


1 z1 z3
0 1 z2
0 0 1
, z1, z2, z3 ∈ C
 ,
with multiplication. The complex Iwasawa manifold is the compact quotient space M = G/0
formed from the right cosets of the discrete group 0 given by the matrices whose entries z1,
z2, z3 are Gaussian integers. The 1-forms
dz1 , dz2 , dz3 − z1dz2 (48)
are left invariant by G and certain by 0. These 1-forms pass to the quotient M . We denote
by α1, α2, α3 the corresponding 1-forms on M , respectively. Consider the Hermitian manifold
(M, g, J ), where J is the natural complex structure on M arising from the complex coordinates
z1, z2, z3 on G and the metric g is determined by g =
∑3
i=1 αi ⊗ α¯i . The Chern connection D
is determined by the conditions that the 1-forms α1, α2, α3 are parallel. The torsion tensor of
D is given by
T (α#i , α
#
j ) = −[α#i , α#j ] , i, j = 1, 2, 3,
whereα#i is the vector field corresponding toαi via g. The nonzero term is only T (α#1, α#2) = −α#3
and its complex conjugate. Thus, the space (M, g, J ) is a compact balanced Hermitian (non
Ka¨hler) manifold with a flat Chern connection.
It is easy to compute that
H(α#1 , α
#
1 ) = H(α#2 , α#2 ) = 0 , H(α#3 , α#3 ) = −2.
The conclusions of Theorem 1.3 agree with the fact that the holomorphic (1, 0)-forms α1 and α2
are closed while the holomorphic (1, 0)-form α3 is not closed (indeed, from (48) it follows that
dα3 = −α1 ∧ α2).
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